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In [ 11, Birnbaum applied the perturbation theory of closed linear operators 
in a Banach space to a problem of error estimation. Some improvements of 
these results were obtained by the author in [2] using only variational prin- 
ciples for self-adjoint operators in a Hilbert space. The purpose of this note 
is to give eigenvector estimates analogous to those obtained in [l] and [2] for 
perturbation of nondegenerate eigenvalues, in the case of perturbation of 
multiple eigenvalues. This will be accomplished by application of a lemma 
of Lyusternik [3], Section 10. Direct use is made of an inner product which 
depends on the perturbation parameter in order to apply the lemma. 
For discussion of applications of these estimates, interested parties are 
referred to [l] and [2]. Extensive use will be made of the development in [2] 
which is now summarized to the extent necessary for continuity of exposition. 
Let H be a complex Hilbert space with inner product (e), w) and norm 1 z1 1 . 
Let (a, w) = CJ(U, w) be a continuous Hermitian symmetric bilinear form on 
H for which there exist 0 < K, < K, such that q(w) = q(~, v) satisfies 
h, I TJ I2 < q(4 < h2 I ZJ I2 for all v E H. 
Then (v> = (q(v))l12 is a norm on H which is equivalent to 1 v 1 . Further 
let q,(~, w) be a continuous Hermitian symmetric bilinear form on H for 
which there exists o > 0 such that qr(a) = ~~(a, TJ) satisfies 
I !?I(4 I d 44 for all v E H. 
To the forms q(v, w), ql(v, w) correspond bounded self-adjoint operators 
Q, Qi defined by 
(8~ 4 = q(v 4 for all v, w E H, 
and 
(QlV 4 = Ql(“, 4 for all v,weH, 
respectively. Observe that for E > 0, 
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(1 - 4 !I@) G 4(v) + ?llW G (1 + 4 q(v) for all v E H, (1) 
and so for 0 < E < l/u, (v), = (q(v) + ~qi(s))~/~ is a norm on H equivalent 
to / 0 1 . Let 
(v, w>, = q(v, 4 + %(“, 4. 
Let p(~, w) be a Hermitian symmetric bilinear form defined on a linear 
manifold D(p) which is dense in Hand such that the corresponding quadratic 
form p(u) = p(v, v) is closed and positive definite, 
P(V) >, K(v)‘, K > 0, for all v E WP). 
Further let ~~(a, w) be a Hermitian symmetric bilinear form also defined on 
D(p) and such that for some p > 0, pi(v) = P,(v, V) satisfies 
I P&J) I < PP(4 for all v E D(P). 
To the form p(~, w) there corresponds a positive definite self-adjoint operator 
P in H defined by 
(Pv, 4 = P(V, w) for all w E D(P) 
GP)={ o E D(p) : w + p(n, w) is continuous on D(p) in the topology of H}. 
Similarly for 0 < E < l/p there corresponds to the form p(v, zu) + l p,(v, w) 
a positive definite self-adjoint operator P, in H defined by 
(PA 4 = P(V, 4 + ~Pl(V, 4 for all WEW = D(P + CPd 
on 
D(P,) = {V E D(p) : w +p(o, w) + +,(v, w) is continuous on D(p) in the 
topology of H}. 
O(p), provided with the inner product ((0, w)) = p(v, w) and norm 
II v II = (P(W’“, is a Hilbert space V. It is assumed that the injection of I 
into H is completely continuous. Then the spectrum of Q-‘P consists of a 
sequence of isolated eigenvalues, 
0 < h, < h2 9 ‘-* < A, < ‘*. - 00, 
in which each eigenvalue is counted according to its finite multiplicity. Denote 
corresponding linearly independent eigenvectors by u1 , u2 ,..., u, ,... . 
Similarly for 0 < c < min[l/o, l/p] the spectrum of Q,‘P, consists of a 
sequence of isolated eigenvalues, 
0 < A,., < A,., < ‘.- < A,,, < *.* - 00, 
in which each eigenvalue is counted according to its finite multiplicity. 
Denote corresponding eigenvectors by u~,~, uzVC ,..., u,,, ,... which are 
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orthonormal with respect to <IV, w ‘C . Then according to Theorem 1 of [2], 
for 0 < E < min[l /u, 1 /p] and each N z= 1, 2 ,..., 
It is an immediate consequence of (2) that if X;, is an eigenvalue of QpAP 
with multiplicity HZ and / is an open interval containing A, but no other point 
of the spectrum of Qm’P, then for E sufficiently small the intersection of J and 
the spectrum of Q;‘P, contains only eigenvalues with total multiplicity 
esactly HZ. In order to show that an eigenvector u of QIP corresponding to 
A,, is approximated by eigenvectors of Q;‘P, corresponding to eigenvalues in J, 
a lemma of Lyusternik [3], Section 10, will be stated in a form applicable to 
the present problem. (Note that “at most” should be “at least” in 1) of the 
statement of the lemma in the English translation of [3]. Also 6 = p.) 
LERIMA. Let E E (0, lja). Let =Z be an operator which is self-adjoint with 
respect to the inner product (v, w:;>, on H; the part of whose spectrum in the 
interval [v - 6, v f 61 consists of at most a.finite number of eigenvalues each of 
finite multiplicity. If 0 < q i 8 and 
$4 - 4 Y >, < T<Y?< , 
then 
(i) the interval (v - 7, v + 7) contains at least one eigenvalue of the 
operator 9 ; and, 
(ii) if the intervals [V - 6, v - 71, [V + 7, Y + 61 do not contain any 
eigenvalues of the operator d, then 
,’ 71, y - y), < -f “ v\ \_ ,‘.s 
where nTTE is the projection, orthogonal with respect to (v, w>, , on the span of the 
eigenvectors of =1 whose corresponding eigenvalues lie in the interval (v - 7, 
v + 17). 
Observe that (ii) yields an approximation of y by a linear combination of 
eigenvectors of ,4 whose corresponding eigenvalues lie in the interval (v - 7, 
v + ?I* 
THEOREM 1. Let A = Ai+l = ... = hi+,,& , 0 < i, be an eigenvalue of Q-lP 
of multiplicity m and let u E sp[uicl ,..., ui+,Jr the linear manifold generated by 
Uifl >..., 1~,+,, * Let d > 0 be such that h-l is the only point of the spectrum of 
P-‘Q in the interval (X-l - 2d, X-1 + 2d). Then, if 0 < E < l/u and 
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the intersection of the spectrum of P;lQE and the interval (X-l - d, h-l + d) 
consists of the eigenvalues A;:,,, 3 *.. 2 A&,,, . If also rrE is the projection, 
orthogonal with respect to (v, w)~ , on sp[r.~+~,~ ,..., q+,,J then, 
and so, 
;??-,u - u) < (g-,“’ y (24). 
PROOF. For n = i + l,..., i + m, (2) is equivalent to 
1 - ElJ 
-A 
-1 / 1-1 K- 1 + EfJ -3 ’ z+j,c --. 1 _ Ep h 
-1 
1 + cp 
.- for j = l,..., m. 
Thus 
1 A& - iI-1 / < p$ h-1, j=l ,..., m, 
and so if 
h- = 1;: = A, i = 0, 
I , i > 0, 
then for l (U + p)/(l - up) A- < d the intersection of the spectrum of P;‘Qz. 
and (h-l - d, A-’ + d) consists of the eigenvalues A;iI t 2 ... > A& f . 
* Now for u E sp[z~+~ ,..., ui+,J, it follows from (1) that 
((P;lQC - h-l) uj, < (1 + E#” {((P;‘Q - A-‘) U) + l (P;‘p,u)}. 
Then as in the proof of Lemma 2, (i), [2], 
and as in the proof of Lemma 2, (ii), 121, 
4 
KIQIU> < Kkl(l _ ‘p) <u>- 
Thus 
and so if u # 0, 
<(K’Qc - A-‘) u>, < 5(E) <u>, * 
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Now since K < A,, l (U -I- p)/‘(l - up) A- .< C(E), and so (ii) of the previous 
lemma can be applied with =1 = P;lQE, v = A-‘, y = u, 6 = d, and 9 = {(c) 
to yield the theorem. 
To obtain an estimate for i/ ‘;r,u - u I/ first observe that if g E H and 
0 < E < min[l/o, l/p] there is a unique solution 7cc, E D(P,) of 
PP, = Qeg 
which is also the unique solution in C’ of 
qp,(w, , v) + P(W, Y v) = <P, @>, for all v E v. (3) 
For f E H let x be the unique solution in D(P) of 
Px =Qf 
and note that x is also the unique solution in V of 
PC? 4 = (f, v> for all VE I-. 
Now let v = w, in (3) and then 
(1 - ‘P) PW G I EPl(% 9 4 + P(W, 7 w.) I 
< K-‘/%(1 + EU)l/Z (g>, 11 w, I/ ) 
so 
11 wJ G Kl/Z(l _ 'p) 
(1 + -P2 cg;, . 
(4) 
(5) 
Subtract (4) from (3) and set v = w, - a. Then 
P(Wc - 4 = (g -fv WC - z>, + qdfr w', - 4 - q1(q , w, - z) 
< K-‘/*(1 + •u)r’~ (g -f ), )/ w, - z 11 + cuK-“2( f) 11 w, - z jj 
+ EP II WC II II w, - Z II , 
and so by (5), 
cp( 1 + l cJ)l/n 
I/ wu, - z !I < K-l/2( 1 + +a (g - f >, + &C-VP< f) + ---__- 
K’i2(l - cP) <g>, . 
(6) 
THEOREM 2. Assume the hypotheses of Theorem I. Then 
+ 41 + l )(l + ‘P) 
(1 - ru)(l - Ep) I (*). 
PROOF. Let f = Au in (4) and then z = u is the unique solution in V of 
P(U, v) = (‘\u, v> for all v E v. 
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NOW with vr,u = x;r cj,,ui+i,c , let g = x7-r hi+j,rcj,EUi+j.r in (3) and W, = n,u 
is the unique solution in V of 
EPl(“rU, w, + An& w, = f Ai+i.rCj.~(Ui+i.~ , o>~. 
j=l 
So by (6), 
/I 7rp - u )I < K-ll”(l + EU)1/2 
( 
i hi+j,rCj,tUi+j,E - AU . 
/cl > 6 
Now 
and so since (n,u), < (u), , the theorem follows from (I), (2), and Theo- 
rem 1. 
REMARKS- If UC E SP[ui+~,c Y*.*Y %+m,J an v is the projection, orthogonal d 
with respect to (a, w), on sp[~~+~ ,..., ui+,J, estimates for (rru, - u,) and 
11 rru, - u, 11 can be derived simply by interchanging the roles of the perturbed 
(E > 0) and unperturbed (c = 0) problems in the preceding lemma and 
theorems. This yields an approximation of u, by an eigenvector of Q-lP 
corresponding to h (cf. [3], S ec ion t 7). In the case of a simple eigenvalue, 
direct use of (v, w), as in the present note provides additional methods for 
deriving an eigenvector estimate of the type given in Theorem 2 of [2]. One 
can either simply normalize in the present development or use (a, w), 
(instead of (9, w} and the triangle inequality) in the lemma of Kato [4], 
p. 437, employed in [2]. 
In the type of application considered in [l] and [2] the perturbed operators 
were assumed unknown except for bounds. In the event the perturbed 
operators are known, one can attempt to obtain asymptotic expansions for 
b,., and h,. by use of the variational principle of Kato [5], Section 3 (cf. also 
K ato [6], Chapters 9 and 10, and Sz. Nagy [7], Section 5). 
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